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1. Overview

Most nonlinear differential equations produce dynamics
that are very hard to understand and impossible to solve
explicitly. An exception are integrable systems, which
are tamed by some underlying structure. Often, this
structure consists of a number of symmetries. Hence:

An equation is integrable if has sufficiently many
symmetries.

Each symmetry, in it infinitesimal form, defines a
differential equation. These can be taken together with
the original equation to form a system of differential
equations. Hence an alternative characterisation of
integrability is:

An equation is integrable if it is part of a sufficiently
large family of compatible equations.

A weak but useful interpretation of “compatible” is
that the flows of the different equations commute
with each other. More sophisticated interpretations are
traditionally given in terms of Hamiltonian mechanics
(see boxes 2 and 3).

Below we present a Lagrangian view on integrability.

2. Geometric mechanics

Lagrangian mechanics: Lagrange function L determines dynamics
through a variational problem

δ

∫
L(q(t), q̇(t)) dt = 0,

characterised by Euler-Lagrange equation

∂L

∂q
− d

dt

∂L

∂q̇
= 0.

Hamiltonian mechanics: Hamilton function H determines dynamics
through the canonical equations

q̇ =
∂H(q, p)

∂p
, ṗ = −∂H(q, p)

∂q
.

Legendre transform establishes equivalence of both formulations:

p =
∂L

∂q̇
, H = q̇p − L.

Poisson bracket {f , g} = ∂f
∂p

∂g
∂q −

∂f
∂q

∂g
∂p puts Hamiltonian equations

in the form
df (q, p)

dt
= {H , f }.

▶ {, } is anti-symmetric,

▶ f is an integral of motion if and only if {H , f } = 0.

3. Integrability

A Hamiltonian system with n degrees of freedom is
Liouville integrable if its Hamilton function is part of
a family of n independent functions H1, . . . ,Hn that
satisfy

{Hi ,Hj} = 0.

Properties:

▶ H1, . . . ,Hn are conserved quantities.

▶ Each Hi can be used as a Hamilton function and
defines a dynamical system.

▶ The flows of these systems commute with each
other, so we can consider simultaneous solutions

q(t1, . . . , tn) of
∂f

∂ti
= {Hi , f }.

▶ Dynamics stays on a common level set of the
H1, . . . ,Hn. If this level set is compact, it is a
topological torus.

▶ Dynamics are linear in action-angle coordinates.

Liouville integrability defines what “compatible
equations” are for Hamiltonian systems.

Can we characterise this using a variational principle?

4. Variational principle in multi-time

Minimal example: consider two commuting ODEs.

Associate times t1 and t2 to the respective flows. The evolution
is parameterised by the (t1, t2) plane, called multi-time.

t1

t2

•
Initial condition

q(0, 0)

• q(t1, t2) independent
of path through
multi-time

(Take Rn instead of R2 to include additional commuting flows.)

Classical Lagrangian description:

δ

∫
L1(q, qt1) dt1 = 0 and δ

∫
L2(q, qt1, qt2) dt2 = 0.

(Subscripts denote partial derivatives.)

Pluri-Lagrangian principle: Consider the 1-form

L[q] = L1(q, qt1) dt1 + L2(q, qt1, qt2) dt2.

For every curve γ : [0, 1] → R2 in multi-time, q : R2 → R:

δ

∫
γ

L[q] = 0.

5. Multi-time Euler-Lagrange equations

Taking variations of q leads to the the usual Euler-Lagrange
equations

∂Li
∂q

− d

dti

∂Li
∂qti

= 0 (EL1)

as well as

∂Li
∂qti

=
∂Lj
∂qtj

, and
∂Li
∂qtj

= 0 if i ̸= j . (EL2)

(For Lagrangians depending on higher derivatives, natural
generalisations hold.)

Theorem. Equations (EL1)–(EL2) characterise fields q
satisfying the pluri-Lagrangian principle. [8, 9]

Theorem. The following are equivalent:

▶ dL = 0 when evaluated on solutions q to the multi-time
Euler-Lagrange equations (EL1)–(EL2).

▶ Lagrangian multiform principle: the action is critical with
respect to variations of the curve γ (as opposed to
variations of q only). [3, 4]

▶ Vanishing Poisson brackets between the corresponding
Hamiltonian functions. [11]

6. Example

The Kepler Lagrangian

L1 =
1

2
|qt1|2 +

1

|q|
can be combined with

L2 = qt1 · qt2 + (qt1 × q) · e
into a 1-form L = L1 dt1 + L2 dt2, yielding the
multi-time EL equations

qt1t1 = − q

|q|3
, (inverse square law)

qt2 = e × q (rotation)

and consequences thereof.

7. Partial differential equations

Hierarchies of PDEs share their space variables
but have separate time variables in multi-time.

For 2-dimensional PDEs, we consider a 2-form

L =
∑
i ,j

Lij[q] dti ∧ dtj.

Solutions are fields q such that the integral of
L is critical over every surface in multi-time.

Lagrangian 2-forms are known for potential
KdV [9], modified KdV [5], AKNS [7], . . .

8. Difference equations

For difference equations on elementary squares of
Z2, the action sum of a discrete 2-form should be
critical on every discrete surface in Z3.

This perspective has played an important role in
the study of integrable partial difference equations
[1, 3, 4]. Continuum limits were studied in [10].

9. Semi-discrete equations

Consider a sequence of particles on a line:

· · · q̄ q q · · ·

(One discrete dimension, many continuous times.)

Toda lattice: exponential forces between neighbours,

qt1t1 = exp(q̄ − q)− exp(q − q). (T1)

(T1) is part of a hierarchy of ODEs. Its next member is

qt2 = q2t1 + exp(q̄ − q) + exp(q − q). (T2)

We have a semi-discrete Lagrangian 2-form with the following
coefficients (“0” for discrete direction):

L01 =
1
2q

2
t1 − exp(q̄ − q)

L02 = qt1qt2 − 1
3q

3
t1 − (qt1 + q̄t1) exp(q̄ − q)

L12 = −1
4

(
qt2 − qt1t1 − q2t1

)2
The multi-time Euler-Lagrange equations are (T1)–(T2) and

1
2qt2t2 − qt1t1qt2 − 2qt1t2qt1 − 1

2qt1t1t1t1 + 3q2t1qt1t1 = 0.

The multiform produces a PDE at a single lattice site! [6]

10. Outlook

The theory of pluri-Lagrangian systems and
Lagrangian multiforms shows that a variational
description of integrable systems is possible.

In certain contexts, such as discretisation, the
Lagrangian point of view has clear advantages.

Some topics of ongoing research are:

▶ Lagrangian multiforms for symmetries
that do not commute with each other,
by replacing euclidean multi-time with a
Lie group. In particular, this is relevant
to super-integrable systems. [2]

▶ Extending the theory to systems with
infinite-dimensional symmetry groups
(setting of Noether’s second theorem),
in particular to gauge theories of physics.

▶ Constructing solutions to integrable
PDEs using Lagrangian multiforms.

▶ Geometric numerical integrators as
semi-discrete pluri-Lagrangian systems.
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